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Abstract 

In this paper we study U(l) gauge transformations on the space-time coordinates 
and on the background fields g^ y and <f>. For some special gauge functions, gauged 
coordinates and gauged U(l) field are equivalent to the rotated coordinates and rotated 
gauge field. We find gauge transformations that are symmetries of the string action. 
Also we obtain general T-duality transformations for the background fields. For special 
background fields this duality is equivalent to a gauge transformation. 
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1 Introduction 



As it has been mentioned by A.M. Polyakov, the relation between gauge fields and strings 
is very important [I]. In fact this relation is useful in solving the problem of gauge-string- 
spacetime correspondence. From the other side T-duality transformation is an exact sym- 
metry of the closed string theory 0. We shall concentrate on the gauge theory, string theory 
and T-duality. In the presence of a U(l) gauge field, we study the gauge transformations 
of the spacetime coordinates, the metric g^ u and the dilaton <p. We compare these with 
some other transformations of the spacetime. In other words some of the transformations on 
the spacetime and gauge fields can be interpreted as gauge transformations. We find gauge 
transformations that are symmetries of the superstring action. 

Previously we have studied a general T-duality ||. By this, we find general T-duality 
transformations on the spacetime coordinates and on the NS®NS fields. For some special 
background fields this general T-duality is equivalent to a gauge transformation. In this 
case the above dual space is a gauged space. In this gauged space we find the effective field 
strength that can be seen by a closed string. 

In the second section, we shall study gauge transformations of the spacetime and their 
effects on the string action. In the third section, using the above general T-duality, we 
concentrate on the gauge-string relations. 



2 Gauge transformations of the spacetime 

A U{\) gauge field with the constant field strength F^ v can be written as 

A, = ~\f, v X v . (1) 

Let detF^ ^ 0, therefore 

X» = -2G^A V , (2) 

where G = F^ 1 . According to this equation we can perform gauge transformation on the 
spacetime coordinates. Under the gauge transformation 

—* = Ap -\- <9 M A , (3) 

the coordinate X^ has the following transformation 

X» = X^ - 2G^d v K . (4) 
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Therefore the gauge field is 

K = -\ F ^ V ■ (5) 

The equation (4) implies a transformation — > AT M = M^ V X V + a M with the condition 
FM + M T F = 2F, can be interpreted as a gauge transformation in the spacetime with the 
gauge function 

A = \a^X v - + A , (6) 

where a = F(l — M) is a symmetric matrix, "a' 1 " is a constant vector and "A " is a constant 
number. Any translation 5X^ = a M (i.e. M — 1) corresponds to a gauge transformation in 
the spacetime. If the matrix M is antisymmetric, the gauge function (6) describes Lorentz 
t r ansf or mat ions . 

If the gauge function A satisfies the equation 

2(G 2 rd^Ad u A + G^J^A = , (7) 

where J^ u is the operator J^ v = X^d u — X v d^ the square length X^X^ remains invariant. 
If = and the matrix M is orthogonal, as expected the gauge function (6) satisfies this 
equation. 

For a special gauge function A, it is possible to write X M as a linear combination of {X 11 }. 
Let the matrix S^ v be symmetric and constant. For the gauge function 

A = ±S IW X»X" + A , (8) 

the gauge transformed coordinates are 

X" = {l-GSy v X v . (9) 

Now consider a rotation in the spacetime 

X» r) =A\X». (10) 

We do not restrict the matrix A to be orthogonal. The gauge field transforms as 

4-) = -\[{^~ 1 ) T FUX V . (11) 

Equality of the rotated and gauge transformed versions of the field A^ leads to the equation 

A' 1 = 1 + GS . (12) 
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In addition if we impose the equality of the gauged space and the rotated one, we obtain 



A=1-GS. (13) 

Therefore the matrices S and G should satisfy the condition 

SGS = . (14) 

Thus we choose those gauge transformations with det S = 0, i.e. the matrix S is not 
invertible. For example for two dimensional spacetime the matrix S has the form 

a ±yab . 

s= . : • ( 15 ) 



±V ab b 

For arbitrary a and b with ab > this matrix satisfies the condition (14). 
Superstring in the gauged spacetime 

Now let the set denote the string coordinates. The action of string that propagates 

in the background fields g^ u , and the dilaton <j), is |j] 

— J d 2 aV^h[h ab g, u d a X»d b X» - -—F llv d a X> l d b X v 



+aR(f){X) ) j . (16) 
Consider the gauge transformations of g^ v and (j) as 

0^0. (17) 

Invariance of the action (16) under the gauge transformations (9) and (17), leads to the 
equations 

A T gA = g , 
A T FA = F , 

= 0. (18) 

The set of matrices {^4.} that satisfy the equation A 7 FA = F, form a group. According to 
the equation (13), the second equation also gives the condition (14). 
The metric of the gauged space is 

= 9,u + (GS -SG- 5G 2 5)^ . (19) 



4 



The second part purely is the effect of the chosen gauge. 
Worldsheet supersymmetry gives the gauged fermions as 

r ± {T±a) = {l-GSy v r ± {r±a) . (20) 

These are components of the fermions on the superstring worldsheet, that lives in the gauged 
spacetime. The first equation of (18) implies the fermionic term of the superstring action, 
i.e. g^u^ 'p a d a r ii) u is gauge invariant. Therefore the superstring action is symmetric under 
the gauge transformations (9) and (18). 

If some of the spacetime coordinates {X^} are compact on a tori with the radii {Rp}, 
we have 

X fi (a + 7T, r) - X p (a, r) = 2<kV x = 2>im»Rp , 

a' 

X'»{<j + 7T, r) - X'^a, r) = 2naY = 2-kw} 1 — , (21) 

Rp 

where X'P = X£ — X 1 ^ is T-dual coordinate of X^. The sets {n^} and {m^} are winding 
and momentum numbers of the closed string around the compact directions {X 11 }. For the 
gauged coordinates we obtain 

X^(a + 7T, r) - X p (a, r) = 2ttL^ , 

X'\a + 7T, t) - X ,fi (a, t) = 2volf , (22) 

where 

U = (1 - GS) P V U , 

f = {\-GSf-J. (23) 

If LP is not zero, the coordinate X^ of the gauged space also is compact. Consider the case 
that the gauged space is non-compact, i.e. LP = for any p,. This leads to the condition 
det(l — GS) = 0, which does not hold. Therefore if some directions of the spacetime are 
compact, always some coordinates of the gauged space also are compact. 



3 General T-duality and gauge theory 

Consider the following transformations on the left and right moving parts of the compact 
coordinates {X^ 1 } 

Xl(r + a)^ Yl{r + a) = E%Xl{r + a) , 

Xl{r - a) -> Y£(t -a) = -B%X* R (r - a) . (24) 
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From these transformations we obtain 



X 'fi Y ,fi = B» V X V . (25) 

Therefore the compact part of the spacetime and its T-dual, transform to each other. For 
B = 1 these are usual T-duality transformations. 

Worldsheet supersymmetry enables us to obtain transformations of the worldsheet fermions, 

r_^ x * = -B%r_. (26) 

In other words we have the exchange transformations 

^ -> X" = , 

tffi X 'P = • (27) 

That is, the worldsheet fermions {ip^} and their T-dual fermions {ifi'* 1 } are exchanged. 

The invariance of the mass spectrum of the closed superstring leads to the fact that the 
matrix B is orthogonal 

B T B = BB T = 1 . (28) 

Compactification of the {X^} directions leads to the compactification of the coordinates 
{Y^}. Using the equations (21), gives 

Y^(a + 7T, t) - Y p (a, r) = 2nA fl , 

y'^+f,T)-y' i (ff ) T) = 2rf, (29) 



where IP and A M are 



IP = —B» D L V 
a' 



= . (30) 



a 



These equations imply the momentum and the winding numbers of closed string in the 
Y-space depend on the winding and momentum numbers of it in the compact part of the 
spacetime respectively. 
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Previously we have observed that for an emitted closed string from a D p -brane with the 
background fields A M and (the NS®NS field) , there is the following relation between its 
momentum and winding numbers Q 

P a = , (31) 

where = F^ v — B^ v is total field strength and the indices a and (3 show the brane 
directions. According to this relation we have 

— A a = -{BTB T fglf . (32) 

a p 

Comparing this equation with the relation (31) implies, in the Y-space closed string feels 
the total field strength BT~ X B T . 

Transformation of the string action 

The action of a string that propagates in the background fields g^ u , J 7 ^ and <ft, is || 

s = -— J d 2 a^(h ab g^d a X»d h X» -^^F^d^d^ 

+a'R(j)(X)) . (33) 



In addition to the general T-duality transformations (25), consider the following transfor- 
mations for the background fields 

T — > f 

0^0. (34) 

Assume that all directions of the spacetime are compact on tori. Therefore the action (33) 
transforms as 

S = —^J rfVV^^ fl6 (6 T 5B) F 9 a X'^r - -^=(B T JB) p 9 fl X'^r 

+a'R4>(X')^j . (35) 

Invariance of the action under the transformations (25) and (34) leads to the relations 

B T gB = g' , 
B T TB = T' , 

= 0', (36) 
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where g' , T' ^ and </>' denote the usual T-duality of these background fields. These equa- 
tions give g = Bg'B T and T = BT'B T . Therefore g^ u , f^y and are general T-duality 
transformations of the background fields, that are consistent with the equations (25). In 
fact the equations (36) change the action (35) to the T-dual form of the action (33). 

We know that under the gauge transformations the total field strength T is invariant. 
We are interested in the case that above general T-duality to be a gauge transformation. In 
this case T is proportional to J 7 , i.e. 

where A is a constant number. The T-duality of the total field strength T is || 

JF'= -{ 3 J r kTY x T{g-kJ : Y x , (38) 
where k = ±1. According to the equations (36)- (38) we can obtain the matrix B, 

B = eV\T(g - kTY 1 , (39) 
where I = ±1. The matrix T is limited as the following 

T T FT = T . (40) 
The orthogonality of the matrix B leads to the orthogonality of the matrix T 

r T r = rr T = i , (41) 

and an additional condition on the background fields 

g 2 - T % = Al . (42) 

This condition means that only some special background fields admit the equation (37) to 
hold. The set of orthogonal T matrices that satisfy the equation (40) form group 0(d), where 
"cf ' is the spacetime dimension. 

Since T-duality of the metric g^ v is g' = (g + kT)~ x g(g — kj 7 )' 1 , the equations (39) and 
(42) give the metric g as 

9 = . (43) 

This is gauge transformed version of the spacetime metric. For T = 1 and A = — 1 the theory 
is gauge invariant and g = —g. That is the signature of the metric is changed. 
According to the equation (39), the relation (32) can be written as 

— A Q = \(TFT T ) a 3 TlP . (44) 
a' 

That is, in the gauged space closed string feels the effective field strength — jTjF'^rT 



4 Conclusion 



We observed that in the presence of a U(l) gauge field with constant field strength, it is 
possible to perform gauge transformations on the spacetime coordinates, the metric g^ and 
the dilaton <fi. There are some gauge transformations that preserve the spacetime distances. 
Some rotations and translations in the spacetime are equivalent to some gauge transforma- 
tions. For example Lorentz transformation is one of them. We showed that the string action 
under a special gauge transformation is invariant. In addition we saw compactification of 
the spacetime is induced to the gauged space. 

We showed that there is a generalization of the T-duality that preserves the compact- 
ification of the spacetime. In this duality the winding and momentum numbers of closed 
string get exchange. Invariance of the string action with the NS®NS background fields 
under the general T-duality gives general T-duality transformations of these fields. For spe- 
cial background fields the above general T-duality transformations are equivalent to gauge 
transformations. In this gauged space closed string probes a modified field strength. 
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